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Abstract. Generalizing the notion of  up-down permutations, the author considers equences 
cr = (al, a2 . . . . .  aN)  of  length N = s 1 + s2 + ... + Sn, where a i ~ ~1, 2 . . . . .  n ) and the lement j 
occurs exactly s/.. times. The repeated elements of  cr are labeled i, i', i", ... and it is assumed that 
they occur in a m natural order. Generating functions for the number of  up-down sequences 
are constructed. Making use of  the generating functions, explicit formulas for the number of  
up-down sequences are obtained. 
1 
We recall that an up-down permutation of  (1,2, ...,n) is a permuta- 
tion (a 1 , a 2 . . . . .  an)  such that 
a 1 < a 2, a 2 > a 3, a 3 < a 4,  a 4 ~ a 5 , . . . .  
S imi la r ly  a down-up  permutat ion  is one  in  wh ich  
a I >a  2, a2  <a 3, a 3 >a 4, a4  <a 5 . . . . .  
If (a 1 , a 2 . . . . .  a n ) is an up-down permutation and 
b i = n- -a  i + 1 ( i  = 1 ,2 ,  . . . ,  n ) ,  
then clearly (b 1, b 2 . . . . .  b n ) is a down-up permutation. Hence, for 
n > 1, the number of up-down permutations is equal to the number of 
down-up permutations, o that it suffices to consider the former. 
If A(n)  denotes the number of up-down permutations of
(1,2,... ,n}, it is known [2;3, pp. 105-112] that 
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(1.1) ~ A(n)xn(n! )  -1 = secx+tanx  
n=0 
In the present paper, we consider sequences 
(1.2) o=(a l ,a  2 ..... aN) ,  
of length 
(1.3) N=s l +s 2+. . .+s  n, 
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(A(O) =A(1) = 1). 
where 
Let A(s I , s 2 . . . . .  s n ) denote the number of down-up sequences as de- 
fined above and put 
A(m)  = A(S  1 , S 2 . . . . .  s n ), 
Sl $2 Sn 
m=Pl  P2 ""Pn 
is the canonical factorization of m. Also put 
~(z)= ~ A(m)  m -z ,  
m=l  
2 21 2" 2 2' 1" 2' 2" 
where a i E (1,2, ..., n } and the lement j occurs exactly s~ times. We 
agree to label the repeated elements of  
(1.4) i, i', i", .... 
Moreover, we agree that in o the labeled elements are always in natural 
order. We shall say that o is an up-down sequence if
a 1 <a 2, a 2 >a 3, a 3 <a 4, a 4 >a 5, ... 
and similarly for a down-up sequence. For example, we have: 
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where the summation is over all m such that 
s l+ . . .+s  n--  1 (mod2).  
Put 
B(m) = A(s I , s 2 . . . . .  Sn)  , 
• (z)= ~ B(m) m -z ,  
m=l  
where the summation is over all m such that 
s 1 +. . .+s  n -  0 (mod2).  
We show that 
(1.5) 
and 
1 I Ip ( l+ ip -Z) - l ip (1 - ip  -z)  
cb(z) =-~ IIp (1 + ip -z)  +IIp (1- ip -z ) 
(1.6) 'It(z) = 
l ip ( l+  ip -z)  + lip (1 - ip  -~) 
The generating functions (1.5) and (1.6) may be compared with the 
generating function for extended Eulerian numbers in [ 1 ]. We also find 
explicit formulas for A(m) and B(m); see (6.7) and (6.12) below. Finally, 
we note that there is a one-to-one correspondence between up-down and 
down-up sequences so that it is not necessary to enumerate the former 
variety. 
2 
To begin with, we take N odd. We define A(1) = 1. Clearly 
(2.1) A(s i) = 0 (s I > 1). 
Put 
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(2.2) F n = F n (x  1 . . . . .  x n ) = 
Then, by (2.1), 
A(s  1 . . . . .  Sn)XSl I ... Xn n 
N-=I (mod 2) 
(2.3) F 1 = x. 
In the next place, we have 
X 1 + X 2 
(2.4) F 2 - - -  
I -x  1X 2 
This is equivalent to 
l if = -+ 1, S 1 ~ S 2 
(2.5) A(S l '  s2 )  = i0  
otherwise, 
\ 
the truth of  which is evident. 
To evaluate F n we require the following recurrence 
(2.6) 
X + Fn(xm ... . .  Xn) 
Fn+l (x, xl ..... xn) - 
1 -xF , ,  (x 1 . . . . .  x,, ) 
To prove (2.6), we consider a typical sequence o with elements from 
{0, 1, ...,n} ; we suppose that the element 0 occurs s times. We consider 
what happens when we delete the O's. If the final 0 is on the bot tom 
line, it is clear that a is broken into s+ 1 down-up sequences with ele- 
ments from {1,2, ..., n} ; moreover, the number of elements in each sub- 
sequence is odd. In addition, there is the possibility that the final 0 is 
on the top line. 
0 lIt 
In this case, o is broken into s -  1 down-up sequences each with an odd 
number of  elements. It follows that 
§2. 
(2.7) A(s, s 1 .. . . .  sn ) = 
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A(t l l  ..... tn l ) . . .A ( t l ,  s_ a , . . . , tn,  s -a)  
tix +"-+ti, s- 1 = si 
+ ~ A(t l l  ..... tn 1 ) . . .A ( t l , s+ l  ...... tn, s+l ), 
til +...+ti, s÷ 1 =s i
where the sum of  the t 's  in any symbol 
A( t  1 . . . . .  tn )  
on the right is odd. It fol lows from (2.2) and (2.7) that 
oo 
Fn+ 1 (x, x 1 ..... Xn ) = ~ xS(Fn (x  I . . . . .  Xn ))s-1 + ~ xS(Fn (x 1 . . . . .  Xn))S+l 
s = 1 s=O , 
x Fn x+Fn 
1-xF  n 1 -xF  n 1 -xF  n 
This proves (2.6). In particular, we have 
F 3 - 
Xl+X2+X 3-X1X2X 3
1- -x2x3- -x3x1- -x1x2  
F4 - 
~X1- -ZX lX2X 3 
1- -~XlX  2 +XlX2X3X4 
The general result 
(2.8) F n - 
]~x 1 -~x lx2X3 + ... 
1- - ]~XlX  2 + ~XlX2X3X4- - . . .  
is easily proved by induction. 
Note that 
tan(a +13) " 
tan ~ + tan 3 
1 - tan  a tan 3 
tan a + tan 3 + tan 3" - tan a tan/3 tan 3' 
tan (a +/3 + 3') - 
1 - tan/3 tan 3 ' - tan  3" tan a + tan a tan/3 
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and, generally, if we put 
(2.9) tan ¢i = x i  
then by (2.8), 
(2.10) 
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( i= 1,2, ...,n), 
F n (X 1 . . . . .  Xn ) = tan (q51 + ... + ~n )" 
3 
We consider now the case 
(3.1) N = s l + ... + s n = O (mod2) .  
Put 
(3.2) G n = G n (x I ..... x n )  = 
N-=0(mod2) 
where we take A(0, 0, ..., 0) = 1. 
Clearly Gl (x l )=  1 and 
(3.3) G2(Xl ,X2)  = (l-XlX2) -1 
Indeed, (3.3) is equivalent to 
A(S l ,S2)=I  1 ifsl =s 2 , 
(3.4) 
0 i fs  1 ~ s 2 . 
This is clear from the example 
2 2' 2" 2 "' 
~ 1  '" 
Generally, we have the recurrence 
A(s I ..... Sn)X$11 ...X~n n 
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(3.5) Gn+l(X,X 1 ..... x n) = 
Gn(x 1 ..... X n ) 
1 -xF  n (x I ..... Xn ) 
The proof  of (3.5) is similar to the proof of (2.8). We consider sequences 
from {0, 1, ...,n} ; the element 0 occurs s times. As above, we remove 
the O's. If the final 0 is not in the extreme right hand position, the given 
sequence breaks into s sequences each with and odd number of elements 
and one with an even number. If the last 0 is in the extreme right hand 
position, we get just s sequences each with an odd number of elements. 
Since we have defined A(0, 0 .... ,0) = 1, the two cases need not be con- 
sidered separately. We accordingly have 
Gn+l(X,X 1 ..... x n) = ~ xS(Fn(x1 ..... Xn)) s Gn(x 1 ..... x n) 
s=0 
and (3.5) follows at once. In particular, we have 
G 3 =(1-x2x3-x3x  1 -X1x2)  -1 ,  G 4 = (1 -~x1x2+xlxZX3X4)  -1 
and generally 
(3.6) Gn = ( l _~,x lx2  + ~,XlX2X3X4_ . . . ) -1  . 
Thus G n is the reciprocal of the denominator of  F n . Moreover, it is 
easily verified that 
(3.7) G n = 
COS~ 1 COS~ 2 .... COS~n 
COS(¢1 +~2 + "'" + ~bn )
where ~i is defined by (2.9). 
4 
Turning now to up-down sequences, we shall show that they can be 
put in one-to-one correspondece with down-up sequences. Let 
= (a l ,  a2 .....  aN)  
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be a typical up-down sequence. Put 
b i = n-a  i + 1 ( i  = 1 ,2 ,  . . . ,N ) ;  
in addition, if the element a in o occurs as a, a' ,  a",  . . . .  a (s - l ) ,  the corre- 
sponding b 's  are taken in the order b (s- l ) ,  b (s -2) ,  .. . ,  b ' ,  b,  where b = 
n -a  + 1. Then read the resulting sequence from right to left. For  exam- 
ple, to the sequences 
/%C 
i I' 12 2 I I '  
we make correspond 
2 2' 2" 2 2' 1" 
respectively. It follows that, for fixed s 1 , s 2 . . . . .  s n with N > 1, the num- 
ber of  up-down sequences i equal to the number of  down-up sequences. 
It is of course possible to treat the up-down sequences directly, but we 
shall not take the  space to do so. 
5 
Returning to the recurrence (2.6), it is easily verified that 
(5.1) 
1 +iFn + 1 l+ ix  l+ iF  n 
1 - i F  n + 1 1 - i x  1 - i F  n 
Since 
I +i f1 (x l )  - l+ ix  1 
1 - i F  1 (x 1 ) 1 - i x  1 
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it follows from (5.1) that 
(5.2) 
l+iFn(Xl ..... Xn) -  ~I l+ixk 
1- iFn(X l , . . . ,Xn)  k=l 1--ix k 
Now, let Pl,  P2 ..... Pn denote any n distinct primes and put 
(5.3) 
If 
(5.4) 
xk = P~Z (k = 1, 2, ...,n). 
s 1 s2 Sk 
m=Pl  P2 ...P~c (s l+ . . .+s  k -  1 
we define A(m)  by means of 
(5.5) A(rn) =A(s  I ..... Sn). 
It follows that 
(mod 2)), 
(5.6) F(p~Z, .... pg-Z)= ~a A(m)  m -z  - ~n(Z) 
m~M 
where M denotes the set of numbers (5.4). Thus, (5.2) may be replaced 
by 
1 + irb n (z) ~ 1 + ip~ z 
(5.7) II 
1- i~  n(z)  k=l 1- ip~ z 
Suppose now that the pk are the primes in natural order and we let 
n -+ ~o. Then (5.7) becomes 
1 + i~(z) 1 + ip -z 
(5.8) - lq (z > 1), 
1 -iqS(z) p 1- ip -z  
where the product is extended over all primes and 
(5.9) ~(z) = ~ A(m)  m -z ;  
m=l  
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the sum is over all integers m of the form (5.4). Clearly (5.8) may be 
replaced by 
(5.10) 
d/,(z) = 1 IIp(1 + ip -z) - I Ip(1- ip -z) 
i i ip(l+ip-Z)+IIp(l_ip-Z) 
In the next place, for 
S 1 Sn (5.11) m=Pl  ""Pn (s 1 +...+s n -O (rood2)),  
we define 
(5.12) B(m)= A(s 1 ..... Sn), 
and put 
(5.13) ,1/n (z) = ~ B(m) m-  z, 
m 
where the summation is over all m in (5.1 1). Since by (3.6) 
Gn(X 1 ..... Xn)=( l _~XlX2  +~X1X2X3X4 - ...)-1 
{~1 ~ }_1 = 2 ( l+ ix  k) + (1- ixk)  , 
it follows that 
(5.14) . . z .  ~(~ ~:~ . l+~z.+~ ~:~ .~ i~ l  1 
Hence, when z -+ oo, we get 
where 
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(5.16) ~(z )= ~ B(m)  m -z  . 
m=l  
In order to get explicit formulas for A(m)  and B(m), we proceed as 
follows. We first rewrite (5.1 5) in the following form: 
(6.1) ~(z)=2{[-[ (1-ip-Z))-i {1+ l-[ l+ip-Z/-1 
p p 1- ip -z 
For brevity, put 
R(x) = 1-[ l+ ip -~ 
p 1 - ip -  z 
Then we have 
2( l+r (z ) )  - l=( l+~(R(z ) - l ) )  -1 = ~ ( -1 )  r2 - - r (R(z ) - l )  r
r=0 
r 
= (_1) r 2 -r  ~ ( -1 )  r-s ( r s )RS(z ) ,  
r=O s=O 
so that 
Y 
(6.2) ~(z)  = ~ 2 -~ 
r=0 s=0 
(1 + ip -  Z ) s 
(_1)~ (r) [7 
(1 - ip-z  ) s+1 P 
We now define the coefficients Cs, k by means of 
(1 +z)S 
(1 - -Z)  s+l  = ~k% Cs'kZk ' (6.3) 
so that 
284 L. Carlitz, Enumeration o f  up-down sequences 
k 
S S+y 
(6.4) Cs'k = j~=o (g -/)( / )" 
Next, we define a factorable arithmetic function of m by means of  
(6.5) Cs(m)= I-[ Cs(p• ) (rn = I - [pk) ,  
plm 
where 
(6.6) Cs(pk ) = Cs, k . 
With this notation, we have 
1-[ ( l + ip- Z )S - 1-I 
p (1 - ip -Z)  s+l p 
Cs(pk) p -kz i k 
k=O 
= ~ Cs(rn) m -z ia(m) , 
m=l  
where ~(m) is defined by Ft(m) = Ek, m = l ip k. 
Thus (6.2) becomes 
r 
, I , ( z )  = 2 - r  
r=O s--O 
( - ly  (~) ~ G(m)rn -z i a (m)  . 
m=l  
Since Cs(m) is a polynomial in s of degree ~(rn), it then follows from 
(5.16) that 
a(m)  r 
(6.7) B(m) =i  a(m) r~_0 2-r s=0 ~ (-1)s (~) G(m) .  
We have therefore obtained an explicit formula for B(m). In particular, 
let rn be squarefree. Since, by (6.4), Cs, 1 = 2s+ 1, (6.7) reduces to 
~(m) r 
B(m)=i  a(m) ~ 2 - r  
r=O s=O 
(--1)s (st) (2s + 1 )a(m) . 
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This is the well known formula for the secant coefficient (Euler num- 
ber) and so furnishes a partial check of (6.7). 
Turning now to (5.10), we have 
1 R(z ) - I  1 R(z ) - I  
q~(z)  - . - -  - 
1 R(z )+I  i 2+(R(z ) - I  
oo 
=1 ~ (_ l ) r_ l  2_r (R (z )_ l ) r  
i r=l 
r 
=1 (_ l ) r_ l  2_r ~ (_ l ) r _s ( r )RS(z ) .  
i r=l s=O 
We now define coefficients Ds, g by 
( l+z)  s 
(6.8) - Z_J Ds, kZ k , 
( 1 -z)S k = 0 
so that 
k 
(6.9) Ds, k =]~0(.= g-] 's  )¢s+]-l/ ) .  
We also define a factorable arithmetic function of m by means of 
(6.10) Ds(m )= J-] Ds(p k) (m= np  k) , 
plm 
where 
(6.1 1) Ds(P k) = Ds, k . 
Then 
(R (z ) )  ~ = 
m=l 
and we get finally 
Ds(m ) m -z ia(m) 
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a(m)  r 
(6.I2) A(m)=i a(m)+l ~ 2 -r ~ ( -1 )  s ( r )Ds(m) .  
r=l  s=0 
In particular, for m squarefree, since 
Ds, 1 = 2s, 
(6.12) reduces to 
f~(m) r 
A(m) = i a (m)+l  ~ 2 - r  
r= l s=0 
(-- 1)r(~ ) (2s)a(m) .
This is a known formula for the tangent coefficient and so furnishes a 
partial check of (6.12). 
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